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n   , prove that 2n
k1

n

sin k
2n  1

 2n  1

Solution by Arkady Alt , San Jose, California, USA.

Let pn : 2n
k1

n

sin k
2n  1

.Note that pn  2n  1  pn
2  2n  1 and

pn
2  22n

k1

n

sin2 k
2n  1

 1n22n
k1

n

0  sin2 k
2n  1

 Pn0,

where Pnx : 1n22n
k1

2n

x2  sin2 k
2n  1

.

Let Qn :
sin2n  1t

sin t
,n    0.Then Qn satisfy to recurrence

Qn1  Qn1  21  2sin2tQn.

Indeed, since sinn  1t  sinn  1t  2cos t sinnt,n   then

sinn  2t  sinn  2t  2sinnt  2cos tsinn  1t  sinn  1t 

4cos2t sinnt  sinn  2t  sinn  2t  4cos2t  2 sinnt 

sinn  2t  sinn  2t  21  2sin2t sinnt and, therefore,
sin2n  3t

sin t

sin2n  1t

sin t
 21  2sin2t

sin2n  1t
sin t

.

Denoting x : sin t we obtain Qn1  Qn1  21  2x2Qn,n   and Q0  1,

Q1  sin3t
sin t

 3  4sin2t  3  4x2.

Thus, Qn in fact is polynomial Qnx of degree 2n.

Let qn is coefficient of x2n in Qnx. Then q0  1,q1  22 and recurrence

Qn1x  Qn1x  21  2x2Qnx implies recurrence qn1  4qn,n  .

Hence, qn  1n22n and since Pnx and Qnx have the same roots

(Qnx  0 
sin2n  1t

sin t
 0  x  sin t 

xk  sin k
2n  1

,k  1,2, . . . ,n)

then Pnx  Qnx. Let cn : Qn0,n   . Since cn1  cn1  2cn,n  

and c0  1,c1  3 then cn  2n  1 and, therefore, pn
2  2n  1.


