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Vn e N, prove that 27 [ [sin =42 — = /2n+1
i 2n +1

Solution by Arkady Alt , San Jose, California, USA.
Letp, = Z”Hsin .Note thatp, = J2n+1 < p2 =2n+1and

kr
2n+1

—22”1_[s1n22 5 = (-1)" 22”1_[(0—sm2 kn ) P,(0),

e (_11"92n 2 w2 km
where P,(x) := (=1)"2 g(x sin? AL

Let 0, = %,n e NU{0}.Then Q, satisfy to recurrence

Ons1 + On1 = 2(1 = 2sin%t)0,.
Indeed, since sin(n + 1)t + sin(n — 1)t = 2costsinnt,n € Nthen
sin(n + 2)t + sin(n — 2)t + 2sinnt = 2cost(sin(n + 1)t + sin(n — 1)t) =
4cos’tsinnt < sin(n + 2)t + sin(n — 2)t = (4cos’t — 2)sinnt <
sin(n + 2)t + sin(n — 2)¢t = 2(1 — 2sin?¢) sinnt and, therefore,
sm(2{1 +3)¢ N sm(2{1 +1)¢ — 2(1 - 2sin%) s1n(2{1 - l)t‘
st st st
Denoting x := sinz we obtain Q.1 + Q-1 = 2(1 = 2x*)Q,,n € Nand Qy = 1,

Q) = SIM3L _ 3 4gin2 = 3 - 4x2,

sint
Thus, Q, in fact is polynomial Q0,(x) of degree 2n.
Let g, is coefficient of x?” in 0, (x). Then ¢ = 1,q1 = —2? and recurrence

Ot (x) + Op1(x) = 2(1 = 2x2)0,(x) implies recurrence g,.1 = —4q,,n € N.
Hence, ¢, = (-1)"2?" and since P,(x) and Q,(x) have the same roots

(0n(x) = 0 = (M _ o) A = sing) <
sint
¢ = sin 2nk7+f k= 1,2, k)

then P,(x) = O0,(x). Letc, := 0,(0),n € N. Since c,s1 + cp-1 = 2cp,n € N
and ¢o = 1,¢; =3thenc, =2n+1 and, therefore, p; = 2n+ 1.



